On Weyl modules of cyclotomic g-Schur algebras 



Kentaro Wada* 



Abstract. We study on Weyl modules of cyclotomic q-Schur algebras. In par- 
ticular, we give the character formula of the Weyl modules by using the Kostka 
numbers and some numbers which are computed by a generalization of Littlewood- 
Richardson rule. We also study corresponding symmetric functions. Finally, we 
give some simple applications to modular representations of cyclotomic g-Schur 
algebras. 

§ 0. Introduction 

Let B.M'n^r be the Ariki-Koike algebra over a commutative ring R with param- 
eters q-iQii ■ ■ ■ ,Qr & R associated to the complex reflection group (5„ ix (Z/rZ)", 
and let _Re5^n,r be the cyclotomic g-Schur algebra associated to RJ^n,r introduced by 
[DJM]. Put A = Z[q, q~\ Qi, ■ ■ ■ , Q^], where g, Qi, ■ ■ ■ , Qr are indeterminate, and 
/C = Q(g, Qi, ■ ■ ■ , Qr) is the quotient field of A (In this introduction, we omit the 
subscript JC when we consider an algebra over /C). 

In the case where r = 1, nJ^n,! is the Iwahori-Hecke algebra associated to the 
symmetric group &n, and is the g-Schur algebra associated to RJ^n,i- In 

this case, the g-Schur algebra r^„,i comes from the Schur-Weyl duality between 
nJifn,! and the quantum group RUg{gl^) as follows. Let g(,„ be the general linear 
Lie algebra, and Uq{gl^) be the corresponding quantum group over /C. We consider 
the vector representation V of Uq{Qljn), then f/g(fllm) acts on the tensor space V^"- 
via coproduct of Uq{gl^). J^n,i also acts on the tensor space V"®" by a g-analogue 
of the permutations for the ingredient of the tensor product. Then the Schur-Weyl 
duality between Uq{Ql^) and J^n,i holds via this tensor space V^^ by [J]. Moreover, 
this Schur-Weyl duality also holds even over A (see [Du]). Hence, we can specialize 
to any ring R with a parameter g G R^ . Then the g-Schur algebra R^n,i coincides 
with the image of RUg{gl^) EndiV'^"') which comes from the action of RUq{gl^) 
on \/®". 

On the other hand, in the case where r > 2, it is also known the Schur-Weyl 
duality by [SakS]. Let g = gt^^ © ■ ■ ■ © gl^^ be a Levi subalgebra of g[^, and Uq{g) 
be the corresponding quantum group over JC. Uq{g) acts on V^^ by the restriction 
of the action of Uq{gl,^). We can also define the action of Jlfn^r on V^"" which is a 
generalization of the action of J^n,i- Then Uq{g) and J^n,r satisfy the Schur-Weyl 
duality via the tensor space V'^"' by [SakS]. Unfortunately, this Schur-Weyl duality 
does not hold over A since the action of Jifn,r on V®"^ is not defined over A. How- 
ever, we can replace J^n,r with the modified Ariki-Koike algebra rJ^^t ^^^^ with 
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parameters q,Qi, - ■ ■ ,Qr such that Qi — Qj {i 7^ j) is invertible in R which was intro- 
duced by [Sho]. Then, the Schur-Weyl duahty between RUq{g) and R^nr holds via 
the tensor space V"®" (see [SawS]). Let Ry^^r be the image of RUg^o) End(y®") 
which comes from the action of RUq{g) on V^"^. Then some relations between R^^r 
and _R=^n,r are studied in [SawS] and [Saw]. In particular, R^^r realized as a sub- 
quotient algebra of R^„,r- Then, some decomposition numbers of R=5^„,r- coincide 
with the decomposition numbers of R^^r (which are also decomposition number for 
RUq{g)) when i? is a field. In [SW], we obtained a certain generalization of these 
results (see also Remark 5.7). Motivated by this generalization together with the 
Schur-Weyl duality between RUq{g) and RJ^^r-y author gave a presentation of 
S^n,r (also ^^n,r) by generators and fundamental relations in [W]. By using this 
presentation, we can define a (not surjective) homomorphism $g : Ug{g) — > ^n,r- 
We also have $g|_4C7,(0) : AUq{g) A'^u.t by restriction. Thus we can specialize it 
to any commutative ring R and parameters q,Qi. ■ ■ ■ ,Qr G R. In this paper, we 
study ij=5^n,r-niodules by restricting the action to RUq{g) when i? is a field. 

First, we consider over /C. In this case, ^ri,r is semi-simple, and finite dimen- 
sional [/g(g)-module is also semi-simple. Put = {A = {\^^\--- , A*^^^) | A'^'^^: 
partition, ^^.^^ jA^^-*! = n}, the set of r-partitions of size n. Let W{X) be the Weyl 
module of ^„^r corresponding to A G A^^.. It is well known that {Vr(A) | A G A^^} 
gives a complete set of non-isomorphic simple ^„ ^.-modules. By investigating the 
appearing weights, we see that {W{X^^^) Kl ■ ■ ■ Kl W{X^^^) \ A G A^^} gives a complete 
set of non-isomorphic simple ?7g(0)-modules which appear as t/q(0)-sub modules of 
^„^r--niodules through the homomorphism $g, where W{X^''^) is the Weyl module 
of Uq{gljnJ with the highest weig ht A^'^). Then we can consider the irreducible 
decomposition of the Weyl module W{X) of J>^n,r as t/5(0)-modules through the 
homomorphism $g as follows: 



In order to compute the multiplicity /3a^ in this decomposition, we describe the 
[/g(g) -crystal structure on W{X) by using a generalization of "admissible reading" 
for t/g(0t^)-crystal given in [KN] (Theorem 2.17). As a consequence, we can com- 
pute the multiplicity Px^ by the combinatorial way which can be regarded as a 
generalization of the Littlewood- Richardson rule (Corollary 3.7. See also Remark 
3.8). 

Thanks to the decomposition (0.1), we obtain the character formula of W{X) 
by using Kostka numbers and multiplicities (3x^ (A,/i G A^^,) (Note that the weight 
space as the ^^^r-module coincides with the weight space as the f/g(g)-module from 
the homomorphism $g). We also describe the character of W{X) as a linear com- 
bination of the products of Schur polynomials with coefficients f3xfi {X, fi G A^^). 
Moreover, we see that the set of characters of the Weyl modules for all r-partitions 
gives a new basis of the ring of symmetric polynomials (Theorem 4.3). Then we also 
study on some properties for such symmetric functions. 
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As an application of the decomposition (0.1), we have a certain factorization 
of decomposition matrix of _R^n,r when i? is a field (Theorem 5.5), and we give an 
alternative proof of the product formula for decomposition numbers of _R^n,r given 
by [Saw] (Corollary 5.6, See also Remark 5.7.). For special parameters (Qi = ■ ■ ■ = 
Qr = OT q = 1, Qi = ■ ■ ■ = Qr), we can compute the decomposition matrix of 
R^n,r from the factorization of decomposition matrix (Corollary 5.8). 

Finally, we realize the Ariki-Koike algebra RJ^n,r as a subalgebra of RS^n,r by us- 
ing the generators of Rc$^n,r (Proposition 6.3), and we give an alternative proof for the 
classification of simple .^^^-niodules for special parameters (Qi = ■■■ = Qr = or 
q = 1, Qi = ■ ■ ■ = Qr) which has already obtained by [AM] and [Ml] (Corollary 6.5). 

Acknowledgments : The author is grateful to Professors S. Ariki, H. Miyachi 
and T. Shoji for many valuable discussions and comments. 

§ 1. Review on cyclotomic g-ScHUR algebras 

In this section, we recall the definition of the cyclotomic g-Schur algebra ^ri,r 
introduced by [DJM], and we review presentations of ^ri,r by generators and fun- 
damental relations given by [W]. 

1.1. Let Rhe a. commutative ring, and we take parameters q,Qi, ■ ■ ■ ,Qr ^ R such 
that q is invertible in R. The Ariki-Koike algebra RJ^n,r associated to the complex 
reflection group &n ix (Z/rZ)" is the associative algebra with 1 over R generated by 
To, Ti, ■ ■ ■ , T„_i with the following defining relations: 

(To-gi)(ro-g2)---(To-g.) = o, 

(T,-g)(r, + g-i) = (l<^<n-l), 
ToTiToTi = TiToTiTo, 

TiTi+iTi = Ti+iTiTi+i {1 <i <n-2), 

Tir,=T,T, (K-J|>2). 

The subalgebra of RJ^n,r generated by Ti, ■ ■ ■ , T„_i is isomorphic to the Iwahori- 
Hecke algebra RJ^ri of the symmetric group (3„ of degree n. For w G (5.„, we denote 
by i{w) the length of w, and denote by the standard basis of rJ^ti corresponding 
to w. 

1.2. Let m = (mi, ■ ■ ■ ,mr) G Z^q be an r-tuple of positive integers. Put 

.l„,,(m) = |/x=(/iW,---,/xM) 

We denote by l/i'-'^-'l = YlT=il^f^ (resp. = X]fc=i ^^e size of ^'^^^ (resp. the 

size of yU.), and call an element of yl„.r(ni) an r-composition of size n. We define the 
map C : A„,,,(m) ^ Z^>o by C(yu) = (|/i«|, . . . , |^W|) for ^ e /l.,.(m). We 

also define the partial order 'V" on Z>q by (oi, ■ ■ • , a^) >- {a[, ■ ■ ■ , a[.) if Yl'j=i % — 



/.W = (/if),---,/iS)GZ™0 
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Y!'j=A for any A; = 1, ■ ■ ■ ,r. Put yl+,(m) = {A G /l„,.(m) | > \f > ■ ■ ■ > 

Ami for ^riy = 1, ■ ■ ■ , r}. We also denote by yl^^ the set of r-partitions of size n. 
Then we have yl^^(m) = A^^ when > n for any /c = 1, ■ ■ ■ , r. 

1.3. For z = 1, ■ • • ,n, put Li = Tq and Li = Ti_iLi_iTi_i. For /i G /l„,r(in), put 

i«e6^ fc=i 4=1 

where (3^ is the Young subgroup of (3„ with respect to /i, and = Yl^Zl If^^'^A with 
ai = 0. The cyclotomic g-Schur algebra RS^n,r associated to RJ^n,r is defined by 

Ryn,r = (m)) = End^^„,, ( M^). 

Aie^n,r(m) 

Put r{m) = {{i,k) \1 < i < ruk, 1 < k < r}. For fi G yl„^r.(m) and (i, /c) G 
r(m), we define a'^^^,^^ G R^„,r by 

where = Yl'i=i l/^*''''! + Y^j^if^f^^ ^^id we set o"^ =0 if fi^'^^ = 0. For (z, /c) G 
r(m), put = E/,6yi„,.(m) ^(i,fc)' ^hen cr(i,fc) is a Jucys-Murphy element of i?Xi,r 
(See [M2] for properties of Jucys-Murphy elements). 

1.4. Let A = Z[q, q~^, Qi, ■ ■ ■ , Qr], where q, Qi, ■ ■ ■ ,Qr are indeterminate over 
Z, and K, = Q{q,Qi, ■ ■ ■ ,Qr) be the quotient field of A. In order to describe 
presentations of K:=^n,r (resp. A'^n,r), we prepare some notation. 

Put m = rrik. Let P = 0™ ^ be the weight lattice of qI^, and = 

Z/ij be the dual weight lattice with the natural pairing ( , ) : P x P^ — > Z 
such that {si, hj) = 6ij. Set = Ei — Ei+i for i = 1, ■ ■ ■ , m — 1, then 11 = {ai \ 1 < 
i < m — 1} is the set of simple roots, and Q = 0™^^ Zcij is the root lattice of gt^. 
Put = Z>o Oj. We define a partial order " > " on P, so called dominance 

order, by A>/i if A — /iG Q~^. 

We identify the set P(m) with the set {1, ■ ■ ■ , m} by the bijection 7 : P(m) — 
{1, ■ ■ ■ , m} given by 7((z, /c)) = X]j=i 'f^j + i- Put P'(m) = P\{(mf,, r)}. Under this 
identification, we have P = 0™ ^ Ze^ = 0(i,fc)er(m) ^^id Q = 0™7^Zai = 

0(ifc)gr'(m) ^'^(j,A:)- Then we regard yl„^r(m) as a subset of P by the injective map 

A H- X](ifc)Gr(m) •^i'^^^Ci.fc)- For convenience, we consider (m^ + 1, /c) = (1, k + 1) for 
(mfc. A;) G P'(m) (resp.' (1 - 1, k) = (m^.i, A: - 1) for (1, k) G P(m) \ {(1, 1)}). 
Now we have the following two presentations of cyclotomic g-Schur algebras. 

Theorem 1.5 ([W, Theorem 7.16]). Assume that rrik > n for any k = 1, ■ ■ ■ ,r, 

we have the following presentations of ic^n,r o,nd j\,S^n,r- 
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(i) K:^n,r is isomorphic to the algebra over IC defined by the generators e(j^fc), /(j^^) 
((i, k) G r"(m)) and K^j^^ ((i, k) E -r(m)) with the following defining relations : 



(1.5.1) K^i,k)K^j,i) 

(1.5.2) i^(,fc)e(,,oi^(-,) = g<"(-')''^('''=)>e(,-o, 

(1.5.3) i^(a.)/0-,0^(7,.) = 

(1.5.4) e{i^k)f{j,i) - f{j,i)e{i,k) = 5{i,k),{j,i)'n{i,k) 



where r]^i^k) 



-1 



+1" 



q-q 



^(mfc,fc)^(l,fc+l) 



+^(mfc,fc)^(i,fc+i)(g ^9(m^,k)U^ e) - qg{i,k+i)if, e)) z/ z = m^, 

(1.5.5) e(i±i,fc)eji^fc) - (g + q~^)e(i,k)e(i±i,k)e(i,k) + eji^fc)e(i±i,fc) = 0, 
e{i,k)e{j,i) = e{j,i)e(^i,k) illiihk)) -7((j,/))| > 2), 

(1.5.6) f(i±i,k)f(i,k) - {q + (f^)f{i,k)f(i±i,k)f{i,k) + f(i,k)f{i±i,k) = 0, 
f(i,k)f{u) = f{U)f{i,k) (|7((^, ^)) - 7((j,0)l > 2), 

(1.5.7) n ^(^'^) = 

(j,fc)6r(m) 

(1.5.8) (A^(,,fc) - l)(i^(,,fc) - g)(J^(,,fc) - g2) ■ ■ ■ (/^(,,fc) - g") = 0. 

The elements g(^rnk,k){f, e), g(i^k+i){f, e) m (1.5.4) coincide with the Jucys-Murphy 
elements (T(^rn^,,k), cr(i,fc+i) respectively, which are described by generators e(^i^k), f{i,k) 
{{i, k) e r'(m)) and i^J,) {{t, k) G r(m)) fsee [W, 7.11];. 

Moreover, A'^n,T is isomorphic to the A-subalgebra of ]<cS^n,T generated by e'. ;.)/[/]!, 



fU/W iihk) e r'(m),/ > 1), 



± 

(i,k)' 



K{i,k)] 

t 



n 



s=l 



K{i,k)q' 



^ii,k)1 



{{i,k) e r(m),t > 1), where [I] = and [/]! = [/][/- 1] ■ [1] 



(ii) K.S^n,r is isomorphic to the algebra over K defined by the generators E^i^^^, 
F(i,k) {{ijk) G r'{m)), Ix (A G An^ri™-)) with the following defining relations: 



(1.5.9) 1a1^ = 5a,m1a, J2 1^ = 1' 

Ae/ln,r(m) 

lA+a(i,fc)-E(i,fc) A + G yl„,,r(m), 
otherwise, 



(1.5.10) %fc)lA 
(1.5.11) 



lA-a(i,fc)-^(i,fc) ^/ A — G /l„_r.(m) 

otherwise, 
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(1 5 12) IxE ik =\ ^~ ^ ^n,r(m), 

1 otherwise, 

(1.5.13) UF,,) = 'f^ + ^i^^^) ^ 

I otherwise, 

(1.5.14) E(^i^k)F(^j^i) - F(^j^i)E(^i^k) = S(^i^kUj,i) 



A 



where 4,k) = < ( - Q^+iIAS - A^ +^)] 

^ V-^"'^'"'(g-^^7f„„,)(F,i^^) - q9ti,k^i)iF,E)))u ^f^ = m,, 

(1.5.15) -E'(j±i_fe)(-E'(j^fc)) — (g + g~ )E(^i^k)E(i±i^k)E(i^k) + {E^^i^k)) -E'(j±i,fc) = 0, 

= (l7((^,^)) -7((J,0)I > 2), 

(1.5.16) F{i±i^k){F{i,k)f' — {(1 + (r^)F{i^k)F{i±i^k)F{i^k) + (-^(i,fc))^-^(i±i,fc) = 0, 

= (|7((z,/c)) -7((j,0)l > 2), 

r/ie elements g^^^^^.^{E, E) , g^^^^^^.^{E, E) in (1.5.14) comade with a^^^^^y ^a,fc+i) 
respectively, which are described by generators E(^i^k), F(^i^k) {{i,k) G r'(m)) ^see [W, 
7.1-7.4];. 

Moreover, A'^n,r is isomorphic to the A-subalgebra of j<z-yn,T generated by E^^- ;,,)/[/]!, 
Fl,,k)/W iihk) e r(m), / > 1), 1, (A e ^.,.(m)). 

Remark 1.6. In [W], we treated only the case where nik = n for any k = 1, ■ ■ ■ ,r. 
We obtain Theorem 1.5 for the general case in the same way under the condition 
^fc > for any k = 1, ■ ■ ■ ,r. However, in the case where < n for some k, 
we do not have the presentation of J^n,r{^n,r{^)) as in the above theorem. In 
such a case, we have the following realization of J^n,r{^n,r{'i^)) ■ First, we take 
m = (mi, ■ ■ ■ , rhr) G Z!^q such that rhk > n and fhk > rnk for any k = 1, ■ ■ ■ ,r. 
Then, we can regard /l„^r(m) as a subset of An^r{™) in the natural way. We have 
the presentation of ^„,r.(yl„,r(in)) by the theorem, and we have ^„_r.(yl„,r(m)) = 

lm=^n,r(^n,r(m))lm, where 1^ = J2x&An,r{m) ^ (yl„,r (m) ) . 

1.7. Weyl modules (see [W] and [DJM] for more details). Let A^nr (resp. A'^nr) 
be the subalgebra of ^^„,r generated by j^^/[l]l (resp. F^'- fc)/[/]!) for (z. A;) G r"(m) 
and / > 1. Let ^1=^^^ be the subalgebra of A'^n,r generated by 1a for A G /l„,r(m). 
Then A'^n,r has the triangular decomposition A'^n,r = A'^nr A'^nr A'^nr- We 
denote by A'^n^r the subalgebra of A'^n,r generated by A'^n,r and A'^n,r- 

Let R be an arbitrary commutative ring, and we take parameters g, Qi, ■ ■ ■ ,Qr G 
i? such that q is invertible in R. We consider the specialized cyclotomic g-Schur 
algebra _R=5^„,r = R ®a A-^n.r through the ring homomorphism A ^ R, q ^ 
Qk ^ Qk ^ k < r). Then R.yn,r also has the triangular decomposition ij^^^^ = 
R'^nrR^nrR'^nr which comes from the triangular decomposition of A'^n,r- 
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For A G /l+^(m), we define the 1-dimensional ^^^^-module 6^ = Rv\ by -E'(i,fc) ■ 
f A = {{i,k) G r"(m)) and 1^ ■ v\ = 6x^^Vx (/i G yl„_r(m))- Then the Weyl 
module rW(\) of R^nr is defined as the induced module ij^nr ® c^>o Ox of for 
A G /l+,(m). 

When _R is a field, it is known that rW{\) has the unique simple top rL{X), 
and that {rL{\) \ A G yl^,,(m)} gives a complete set of non-isomorphic (left) sim- 
ple Rt9^n,r-'<^odu\es. Moreover, it is known that jc^n,r is semi-simple, and that 
{k:W{X) I A G /l^^(m)} gives a complete set of non-isomorphic (left) simple /c^Xi.r- 
modules. 

1.8. By (1.5.9), the identity element 1 of Rt9^n,r decomposes to a sum of pairwise 
orthogonal idempotents indexed by yl„^r(ni), namely we have 1 = ^Ae/in r(m) -'-a- 
Thanks to this decomposition, for R^n,r-T^odu\e M, we have the decomposition M = 
©Ae/i„ r(m) as i?-modules. By the isomorphism between the first presentation 
and the second presentation of S^n,r in Theorem 1.5 (see [W, Proposition 7.12] for 
this isomorphism), we see that K(i^k) acts on IxM by multiplying the scalar g » , 

namely we have IxM = {m G M \ K(^i^k) ■ = Q^^' '"^ for (i, k) G r'(m)}. We call 
IaM the weight space of weight A (or A- weight space simply), and denote by Ma. 

§ 2. f/g(0)-CRYSTAL STRUCTURE ON WEYL MODULE W{X) OF J^^,^ 

In the section 2 - section 4, we consider only the cyclotomic g-Schur algebra 
ic^n,r over /C. Hence, we omit the subscript /C. Moreover, we assume that rrik > n 
for any /c = 1, ■ ■ ■ , r in this section. 

2.1. Let = ©■ ■ - ©gLr be the Levi subalgebra of and t/g(g) = f^g(0Li)® 
■ ■ ■ ® Uq{gl^^) be the quantum group over K, corresponding to q. Put r^{m) = 
r(m) \ {{rrik, k)\l<k<r}. Let e(,,fc), ((z. A;) G rg'(m)), ((z. A;) G r(m)) 

be the generators of Ug^Q), where e^i^k), f{i,k), K^j^^) {I < i < rrik - 1, 1 < j < m^) is 
the usual Chevalley generators of Ug^Ql^J. 

By the presentation of S^n.r (Theorem 1.5), we can define the algebra homomor- 
phism $g : Ug{g) — )■ ^n^r sending generators of Ug{g) to the corresponding generators 
of yn,r denoted by the same symbol. Note that $g is not surjective without the case 
where r = 1. We have the following lemma which describes the image of $g. 

Lemma 2.2. 

(i) %{Ug{Q)) - yl4A^,,,{rm)) ® ■ . ■ ® yl^MnrAmr)), 

H \-nr — Ti 

where ]^(/l„^^i(mfc)) is the q-Schur algebra associated to the symmetric 
group of degree rik- 

(ii) Let AUqio) be the A-form of Ug^g) by taking the divided powers. Then we 
have 

^iAUgig)) = AyiAA^.Arn,)) ® . . . ® ^yl,{A^^,,imr)) 

r?^(ni,--- ,nr) 

jl-^ _| l-Tiy- — n 
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Proof. Let e^'' , fl"' {1 < i < rat — 1), K'^''^ (1 < < fnk) be the generators of 
'^uk i{-^n,,,i{'mk)) in Theorem 1.5 (i). Then, we define the homomorphism of algebras 



T]^(ni,--- ,nr) 
H \-nr—n 



by 



T^l H h^T-r — 

</'(/{i,fc)) = i®- - j®i ®f^^ ® 1 

■/iX H \-nr—'n 



for generators e(i,fc), /(i,fc) {{hk) e -rg(m)), i^^^^^^^ G r(m)) of f/g(g). (We can 

easily check that (f is well-defined by Theorem 1.5 (i).) 
We also define the homomorphism of algebras 



-"■2 4 \-nr — n 

by 

V>( 1 ■ ■ ■ ® 1 ®ef 1 ■ ■ ■ ^ 1) = ( J2 l^.)-^{eii,k))-{ E ^A*)' 

C(m) = '7 C((i) = »7 

v>( i0- - -g^i 0/;''-®i0---0i) = ( 5^ 1^) ■ ■ ( ^ V), 

AiS/ln,r(m) MG/ln,r(m) 
C(m)='7 C(m) = '7 

V;( ig)- - -0i g)irf''^g)i^.--g)i) = ( ^ 1^) ■ <|.(i^(,,fc)) ■ ( ^ 1^) 

/JSA„,r(m) figA„,r{m) 

C(m) = '7 C(m) = ») 



for each generators of 0r7=(ni, ■■ .n^) ^^j^i(/l„i,i(mi)) ® ■ ■ ■ (g) i(yln^,i(mr)). (We 

^^1 H |-Tir — Ti. 

can check the well-definedness by direct calculations.) It is clear that o (p = 
Thus, ip is surjective. Moreover, by comparing the simple modules appearing in 
0,=(„i,..,n.) yl^^{An„i{mi)) ® ■ ■■ ® yl^{An^,i{mr)) and in <^g{Ug{g)) as Ug{g)- 

n-\_-\ I-TI7-— n 



modules through (p and $g respectively, we see that ijj is an isomorphism. (Note 
that both 0^={ni,...,n,) ^(yl„^^i(mi))(8)- ■ ^(yl„^^i(m,,)) and f/g(g) are semi- 

"■iH \-7ir='n ' ' 

simple.) (ii) follows from (i) by restricting $g to ^f/g(g). □ 
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2.3. For an ^„ r-Hiodule M, we regard M as a [/q(0)-module through the homo- 
morphism $g. Then, by Lemma 2.2 (or by investigating weights directly), we see 
that a simple Uq{g)-modu\e appearing in M as a composition factor is the form 
VI^(A(i)) M/(A('~)) for some A e ^+^(m), where W{\''''^) is the highest weight 

?7q(g[^^) -module of highest weight A*^*^^. Hence, the Weyl module W{X) of yn,r 
decomposes as follows: 

(2.3.1) W{\)= (^l^(/iW) K...Kiy(^M)j®^"' as [/g(0)-modules. 

Me/l,t,r(ni) 



2.4. In order to compute the multiplicity /5a^ in (2.3.1), we will describe the Uq{g)- 
crystal structure on W{X). For such a purpose, we prepare some notation of combi- 
natorics. 

For fi G An^ri''^), the diagram [fi] of /i is the set k) E 'Z^ \1 < i < rrik, 1 < 

j < f^i^\ 1 < k < r}. For A G yl^^(m) and fi G /l„,r(ni), a tableau of shape A 
with weight is a map T : [A] — {(a, c) G Z x Z | a > 1,1 < c < r} such that 

= ^{x G [A] I T(x) = (z. A;)}. We define the order on Z x Z by (a, c) > (a', c') if 
either c > c', ot c = c' and a > a'. For a tableau T of shape A with weight fi, we say 
that T is semi-standard if T satisfies the following conditions: 

(i) If T((i, j, /c)) = (a, c), then k < c, 

(ii) r((i,j,fc)) < T((z,j + 1, A;)) if (z,j + 1, A;) G [A], 

(iii) T((z,j,fc)) <T((z + l,j,A;)) if (z + l,j,A;) G [A]. 

For A G yl^^(m), /i G yl„,r.(m), we denote by 7o(A,/i) the set of semi-standard 
tableaux of shape A with weight /i. Put 7o(A) = U^eyi„r(m) Toi^.lj)- We identify a 
semi-standard tableau with a Young tableau as the following example. 
For A = ((3, 2), (3, 1), (1, 1)), = ((2, 1), (2, 2), (3, 1)) 



T 



(1,1) 


(1,1) 


(1,2) 


(1,2) 


(2,2) (1,3) 


(1,3) 


(2,1) 


(1,3) 




(2,2) 




(2,3) 



G To{X,fi), 



where T((l, 1,1)) = (1, 1), T((l, 2, 1)) = (1, 1), ■ ■ ■ , T((2, 1,3)) = (2, 3). 

By [DJM], it is known that there exists a bijection between 7o(A,/i) and a 
basis of W{X)^. Hence, we will describe a f/g(g)-crystal structure on 7o(A) which is 
isomorphic to the f/q(g)-crystal on W{\). 

2.5. By (2.3.1), for A G /l+,.(m), fi G /l„,r(m), we have 
(2.5.1) tiro(A,/i) =dimiy(A)^ 

r 



10 Kentaro Wada 

= E /3A.rittro(.«,/i('=)) 

r 

ueA+r{m) k=l 

where Kj^(k)^(k) is the Kostka number. We have the following properties of 

Lemma 2.6. 

(i) For A G /l+,(m), /3aa = 1. 

(ii) For A,yU G /l^,.(m), if ^ 0, we have X> fi. 

(iii) For A,/i G yl^^(m), if \ ^ jj, and C(A) = C(/^)j '"^e /iO'we = 0. 

(iv) ForX.ji G yl+,.(m) such thatC{\) ^ C(a^) . if%{^,^) = ^ for any u G yl+,,(m) 
such that C(z/) = C(yu) and u > fi, then we have Px^ = tl'7o('^) A*)- 

Proof, (i) From the definition of W{\), we have W{X) = S^nr ' ^a, where we denote 
\®v\^ S^n r ® «>() Q\ by v\ simply. Thus, we have that W{X)\ = ICvx, and that vx 
is a highest weight vector of highest weight A in Uq{Q)-modu\e W{X). This implies 
that (3xx = 1- 

(ii) (3x^,^0^ W{X), ^ ^ A > /i. 

(iii) Assume that A 7^ /i and C(A) = C(/^)- By (2.5.1), we have 



(2.6.1) ttro(A, /i) =/3aa n + Px, n tt'7'o(/i^'\ 

fc=i fe=i 

+ E /3A.rittro(z.('=),/z(^)). 



fc=l 



This implies that /3a^ = since ^Toifi^''\ fi^''^) = 1, and tl7^(A, /i) = HLi tlTo(A(^), /i^*^)) 
ifC(A) = C(/i). 

(iv) Note that HLi tl'7o(i^^''\ Z^^''^) = if C{i^) ^ C{fi) or ^ /i, and that 
Ul=J%i'^^''\ fJ'^'"'^) = ToiJ^^I^) if C(i^) = C(/^)- Then (2.5.1) combining with the 
assumption of (iv) implies tl7B(A, /i) = (3xfj.^To{fi, /i) = /3am since f3xu = if 7^ (A, z/) = 
0. □ 

2.7. For A G /l„,^r(m), we define the total order on the diagram [A] by {i,j, k) >- 
{i',j', k') if k > k', k = k' and j > j' or if /c = k',j = j' and i < i'. For an example, 
we have 

(5,4,2)^(2,3,2)^(5,3,2)^(6,4,1). 

2.8. We define the equivalence relation "~" on 7o(A) by T ~ T' if {x G [A] | T(x) = 
{i, k) for some z = 1, ■ • ■ , m^} = G [A] | T'{y) = (j, k) for some j = 1, ■ ■ ■ , nik} 
for any k = 1, - ■ ■ , r. By the definition, for T G 7o(A, //) and T' G 7o(A, z/), we have 

(2.8.1) c(/^) = C(^)ifT~r'. 
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Example 2.9. Put 

Ti = 



(1,1) 


(1,1) 


(1,2) 


(2,2) 




(1,1) 


(1,2) 


(2,1) 


(3,2) 



(1,2) 


(2,2) 


(3,2) 





(2,2) 


(2,2) 


(4,2) 





(1,1) 


(2,1) 


(1,2) 


(3,2) 




(1,1) 


(2,2) 


(3,1) 


(3,2) 



(2,2) 


(2,2) 


(4,2) 








(1,2) 


(1,2) 


(2,2) 





Then, we have Ti ~ T2, T2 7^ T3 and T3 ~ T4. 

2.10. Let Vm^. be the vector representation of U^^qI ) with a natural basis {vi, V2, - ■ ■ , Vm^} 



Let ^0 be the localization of Q(Qi, ■ ■ ■ , Qr)!*?] at g = 0. Put C^^, = 0™^^ ^0 " ^ 
[T\ = Vj + qCrnk e CmJq'Cmk and i3„^^ = {[Tl]l < j < rrik}. Then {Cm^.Bmk) 

■ ■ K S^;;''- the ?7g(g)-crystal 



gives the crystal basis of Vm,.- We denote by 
corresponding to f/g(g)-module ^ K ■ ■ ■ K y^"". 

Let 7o(A) = IJt'^('^)W decomposition to equivalence classes with re- 

spect to the equivalence relation For an each equivalence class 7o(A)[t], put 

(rii, ■ ■ ■ .rir) = C{fi) for some /i such that 7o(A,/i) fl %{\)[t] 7^ (note (2.8.1)), and 
we define the map : 7B(A)[t] ^ 



as 



^^{T) = ( 



® ■ ■ ■ (g) 



'■ni 



) 



7^ 



satisfying the following three conditions: 

(i) {x G [A] I T{x) = (z, k) for some z 



1 r 



(fc) ^(fc) 
2 , 



for /c 



r. 



ii) a;^'''' >- x^^ >-■■■>- XnJ for A; = 1 



(fc) 



fiii) T(x 



/c) for 1 < j < Uk, 1 < k < r. 



Namely, (8) ■ ■ ■ (8> in,^ ) in \I^^(T) is obtained by reading the first coordinate 

of T{x) for X e [A] such that T(x) = {i, k) for some i = 1, - ■ ■ , in the order 'V" 
on [A]. 



Example 2.11. For 

T = 



(1,1) 


(1,1) 


(1,2) 


(1,2) 


(2,2) (1,3) 


(1,3) 


(2,1) 


(1,3) 




(2,2) 




(2,3) 



wehave^j^(T) = (^^^^[2]) K (0®^®^®^ K . 

Remark 2.12. In the case where r = 1, 7o(A) has only one equivalence class (itself) 
with respect to and coincides with the Far-Eastern reading given in [KN, 
§3] (see also [HK, Ch. 7]). 

2.13. Let e(i,fc), /(j^fc) {{i,k) G r'g(m)) be the Kashiwara operators on [/q(0)-crystal 
^®ni ^ . . . ^ ^mT- Then we have the following proposition. 

Proposition 2.14. For an each equivalence class 7o(A)[t] of%{X), we have the 
fallowings. 
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(i) The map : %{X)[t] B^^^ K ■ • ■ K B^^- is mjective. 

(ii) \[^^(7o(A)[t])u{0} is stable under the Kashiwara operators e(^i k), f{ik) {{hk) G 

Proof, (i) is clear from the definitions, (ii) is proven in a similar way as in the case 
of type A {r = l) (see [KN] or [HK, Theorem 7.3.6]). □ 



2.15. By Proposition 2.14, we define the f/g(g)-crystal structure on 7o(A)[t] through 
\E'^, and also define the [/^(g) -crystal structure on 7o(A). Note that the ?7g(g) -crystal 
graphs of To (A) [t] and of To (A) [f] are disconnected in the ?7g(g)-crystal graph of To (A) 
if To(A)[t] is a different equivalence class from To(A)[t']. For T G To(A), we say that 
T is f/g(0)-singular if e(j,fc) ■ T = for any (i, k) G r^{m). 



Remark 2.16. We should define the map for each equivalence class To(A)[t] 
of To(A) since it may happen that ^I/^(T) = \E'^,(T') for different equivalence classes 
To(A)[t] and To(A)[t']. For an example, put 



T 



T' 



(1,1) 


(1,1) 


(1,2) 


(1,2) 


(2,2) (1,3) 


(1,3) 


(2,1) 


(1,3) 




(2,2) 




(2,3) 














(1,1) 


(1,1) 


(1,3) 


(1,2) 


(2,2) (1,3) 


(1,3) 


(2,1) 


(1,2) 




(2,2) 




(2,3) 



Then we have 



Now, we have the following theorem. 

Theorem 2.17. 

(i) For A,yU G yl+^(m) , we have 

= tl{^ e T^(A,yu) I T .■ Ugis) -singular}. 

(ii) Uq{Q)- crystal structure on To(A) is isomorphic to the Uq{Q) - crystal basis of 
W{X) as crystals. 

Proof. We prove (i) by an induction for dominance order ">" on A^^{m). First, 
we assume that To(A,/i) 7^ and To(A,z^) = for any u such that ({u) = ({fi) 
and u > fi. For {i,k) G r'g(m), one see easily that e(j_fc) ■ T G To(A,/i + tt(i,fc)), 
C(/i + tt(i,fc)) = CifJ') s-iid fi + Oi{i,k) > A*- Then, for any T G To(A,yu) and any 
{i, k) G r'g(m), we have e(j fc) ■ T = by the assumption. Thus, we have tlTo(A,/i) = 
tj{T G To(A, /i) I T : [/q(g)-singular}. Combining with Lemma 2.6 (iv), we have (3\^ = 
tl{T G ro(A,/i) |T : [/,(g)-singular}. 
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Next, as the assumption of the induction, we assume the claim of (i) for v G 
yl^^(m) such that C^iv) = and u > fi. It is clear that 

C(i') = C(m),i'>M 

Thus, we have 

(2.17.1) /3am = dimiy(A)^ - Yl !^>^- ' ^ " " " ^ ^i^^"^))^- 

C,(w)=c.{^i),w>^l. 

If T G 7o(A, jj) is not f/g(0)-singular, there exists a sequence (zi, /ci), ■ ■ ■ , {iu h) ^ 

rg'(m) such that e^^i^^k^) ■ ■ -e^i^^kO'T G %(A, /i + a(i,,fe,)H ha{i;,fc,)) is f/5(g)-singular. 

Thus, by the assumption of the induction, we have 

(2.17.2) Pxu-dim{W{u^^^)^---^W{u^''^))^ 



i/e/lj_,.(m) 

C('^)=C(m),'^>m 



tl{T G 7^)(A, /i) I e(i,fc) ■ T 7^ for some (z, /c) G F^}. 



Since dimiy(A)^ = 7^(A,/i), (2.17.1) and (2.17.2) imply that /3a;. = l{T G 7^(A,/i) | 
T : [/q(g)-singular}. 

(ii) follows from (i) and the definition of □ 

§ 3. Some properties of the number 

In this section, we collect some properties of the number Px^j,. For some extreme 
partitions, we have the following lemma. 

Lemma 3.1. 

(i) //A = ((n),0,---,0), 



/3, 



A/1 



A/1 



r 

>0 



1 = ((ni), (na), ■ ■ ■ , (n^)) /or some (ni, ■ ■ ■ ,n^) G Z^q 

otherwise 

(ii) //A = (;(i"),0,--- ,0), 

1 z//i= ((l"i),(l"2),... ,(l"-)) for some (m, • • • ,n^) G Z_ 

otherwise 

(iii) ///i=(0,---,0,(n)), 

1 A = ((^i), (ria), ■ ■ ■ , (n^)) /or some (rii, ■ ■ ■ , n^) G Z^q 
otherwise 

(iv) ///i=(0,---,0,(l")), 

^ fl z/A = ((l"i),(l"2),---,(r'-))/orsome(ni,---,n,)GZ^>o 
''^'^ 1 otherwise 

Proof. One can easily check them by using Lemma 3.3 and Theorem 2.17. □ 



A/j 
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3.2. For r-partitions A and /i, we denote by A D yU if [A] D [^]. For r-partitions A and 
/i such that A D yU, we define the skew Young diagram by A/;U = [A] \ [fi]. One can 
naturally identify A//i with {X^^^ ■ ■ ■ , A^'")//"^''^). where A^'^V/"^^^ {I < k < r) 
is the usual skew Young diagram for A'-'^^ D fi^^K For a skew Young diagram A//i, 
we define a semi-standard tableau of shape A//i in a similar manner as in the case 
where the shape is an r-partition. We denote by 7o(A//i, u) the set of semi-standard 
tableaux of shape A//i with weight u. Put 7o(A//i) = IJi/e/i / (m) '7o(A//i, z^), where 
= \X/n\. Then, we can describe the f/g(g)-crystal structure on 7o(A//i) in a similar 
way as in the paragraphs 2.7 - 2.15. Namely, we define the equivalence relation "~" 
on 7o(A//i) in a similar way as in 2.8, and define the map '^^^^ : 7o(A//i)[t] -t- 
Kl -B^"'' for an each equivalence class 7o(A//-i)[t] of 7o(A//i) as in 2.10. 



mi 



Then we can show that "^^^^ is injective, and that \l/^^^(7o(A//i)[t]) U {0} is stable 
under the Kashiwara operators e(^i^k), f(i,k) for {i,k) G -^3(111) (cf. Proposition 2.14). 
Put 

Tsing{X/fi, u) = {T e i^)\T : f/g(g)-singular}. 

From the tensor product rule for t/q(g)-crystals, we have the following criterion 
on whether T G 7o(A//i) is f/g(0)-singular or not (note that 7o(A//i) = To (A) if 
/x = 0). 



Lemma 3.3. For T e %{X/ ^i)\t], let ^^/^(T) = ( 



® ■■■ ® 



7^ 



) 



) . Then, T is Ug{Q) -singular if and only if the weight of ( 



7W 



) G S^-^ a partition (i.e. dominant integral weight of gl^^) for any 

([ 



1 < J < '^/t one? any 1 < k < r. 

Proof It is clear that, for T G %{X/i2)[t] such that ^^^/''(T) 



) , T is t/g(g)-singular if and only if ( 
1,- 



7W 



nil 



is f/q(gt^ )-singular for any A; = 1, ■ ■ ■ , r. Hence, the lemma follows from [N, Lemma 
6.1.1] (see also [HK, Corollary 4.4.4]). □ 



3.4. Fix p = (ri, . . . , r^) G Z>q such that Ylk=i '^k = r. 
yl+,(m), put AWp = (A(P'=+i),--- ,A(p'=+"*)), where = 

define the map : A+^{in) ^ Z|o by (^(A) = (|AWp|, ■ 
the following lemma. 



For A = (A(i\--- ,A('')) G 
X]^=i with pi = 0. We 
■ ■ , |A[^'p|). Then, we have 



Lemma 3.5. For A,/i G yl^^(m) such that C^{X) = (^{fi), we have 



k=l 



Proof. It is enough to show the case where p = (ri, r2) since we can obtain the claim 
for general cases by the induction on g. If C^('^) = C^(/^) fo^^ P = ('"i;''"2); then we 
have the bijection 

(3.5.1) ro(A, /i) ^ ro(AW^ /iW") x 7^(A[2]^ /ii'i^) such that T ^ (tWp, rt^ip). 
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where TWp((z, j, A;)) = T{{i,j,k)) for {i,j,k) E [A^p], and T[21p((z, j, A;)) = (a,c-ri) 
if T((z, j, ri + A;)) = (a, c) for (z, j, /c) E [A^^lp]. In this case, by the definition of and 
Lemma 3.3, it is clear that T E %{\, jj) is f/q(0)-singular if and only if T^^'p (resp. 
Tt^lp) is [/q(g[^l)-singular (resp. t/g(0[^])-singular), where = g(^^ © ■ ■ ■ © g[^^^ 

(resp. g'^l = sL^^+i © ■ ■ ■ © SLJ- Then, by Theorem 2.17 (i) together with (3.5.1), 
we have /3x^ = /^aIiIp^iiIp/^aMp^pIp- □ 

3.6. For A,/i G /l^^(m), we define the following set of sequences of r-partitions: 

e(A, /i) := |a =A(,.) D A(,,_i) D ■ ■ ■ D A(i) D A(o> = (0, ■ ■ ■ , 0) 

(A(fc))^'+'^ =0, |A(fc)/A(,_i)| = Ifi^'^l for fc = I,-- - ,r}. 

It is clear that, for A(,.) D ■ ■ ■ D A(o) G 6(A, /i), we have that A(a:) = (A|].|, ■ ■ ■ , A|^|, 0, ■ ■ ■ 

and that |A(fc)| = Yl^=i l/^^'^^l- Then, we can rewrite Theorem 2.17 (i) as the following 
corollary. 

Corollary 3.7. For \, fi E ylj^(m), we have 

r 

(3.7.1) /3,,= l[lTsrng{\(k)/\ik-l),{^,--- .(/i))- 

A(r>3--OA(o)Ge{A,^) k=l 

In particular, A = (0, ■ ■ ■ , 0, A''*\ 0, ■ ■ ■ ,0) for some t, then we have 

A(,)D-OA(o)G0(A,A.)fc=l < ^> 

where LR is the Littlewood- Richards on coefficient for jJi^^^ and A|^^ 

with LRg = 1- 

Proof. Note that we can identify the set 0(A,/i) with the set of equivalence classes 
of 7o(A,/i) with respect to the relation "~" by corresponding A(r) D ■■■ D A(o) G 
9(A, /i) to the equivalence class of 7o(A, jj) containing T G 7o(A, /i) such that [A(fc)] = 
{(i,j, /) G [A] |T((i,j, /)) = (a, c) for some 1 < a < m^, 1 < c < k} for any /c = 
1, ■ ■ ■ ,r. Then Lemma 3.3 and Theorem 2.17 (i) imply the equation (3.7.1). 

Assume that A = (0, ■ ■ ■ , 0, A^*), 0, ■ ■ ■ ,0) for some t. Then, for A(r) D ■ ■ ■ D 
A(o) G 6(A,/i), we have 

tt7;.„,(A(,)/A(,_i),(0,--- ,0,/i(^),0,--- ,0)) =tt7;.„,(Af,yA5ti)^ 

— T R 
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where the last equation follows from the original Littlewood- Richardson rule ([Mac, 
Ch. I (9.2)]). (Note that, for partitions X, fi (not multi-partitions) such that A D 
the t/g(gl^)-crystal structure on 7o(A//i) does not depend on the choice of admissible 
reading (see [HK, Theorem 7.3.6]). Then a similar statement as in Lemma 3.3 for 
7o(A//i) under the Middle-Eastern reading coincides with the Littlewood- Richardson 
rule.) Then (3.7.1) implies (3.7.2). □ 

Remark 3.8. In the case where r = 2 and A = {\^^\ 0), by (3.7.2), we have 

A(i) 

x(l) 

where the last equation follows from LRg^j) = "^a'^V^'' Littlewood- 
Richardson coefficient LR^ for partitions A, /i, u is obtained as the number /3(A,0){^t,v)- 

Moreover, thanks to Lemma 3.3 together with the reading \E'f^^, we can regard 
(3.7.1) as a generalization of the Littlewood-Richardson rule. We also remark the 
following classical fact: 

(3.8.1) [Resi[::,GL„_ V,:V,m K]gl.xgl„ = LRJ,,, 

where GL„ (resp. GL^, GLn-m) is the general linear group of rank n (resp. m, 
n — m), and V\ (resp. V^, K) is the simple GL„- module (resp. simple GL^-module, 
simple GL„_m-module) corresponding to a partition A (resp. /i, u). Comparing 
(2.3.1) with (3.8.1), we may regard the number f3x^ as a generalization of Littlewood- 
Richardson coefficients. 



§ 4. Characters of the Weyl modules and symmetric functions 

4.1. For m = (mi, ■ ■ ■ ,771^) G Z^q, we denote by Sm = 01=1 " " " ^a;™!]®'"*^ 

the ring of symmetric polynomials (with respect to &mi x ■ ■ ■ x ©„,.) with variables 
xf^^ {1 < i < nik, 1 < k < r). We denote by x^''^ = {xf'\x^\ ■ ■ ■ , Xml) the set of rrik 
independent variables for k = 1, - ■ ■ , r, and denote by x = {x^^\ ■ ■ ■ , x^^'^) the whole 
variables. Let be the subset of Hm which consists of homogeneous symmetric 
polynomials of degree n. We also consider the inverse limit S" = lim with respect 

m 

to m. Put S = ^^>qS". Then H becomes the ring of symmetric functions S = 

(g)^^^ Z[X(^)]®(^'"), where X(^) = (xf \ xf \ ■ ■ ■ ) is the set of (infinite) variables. 
We denote by X = {X^^\ ■ ■ ■ , X^^^) the whole variables of H. 

For A = (A(i), ■ ■ ■ , AM) E /l+,(m), put ^a(x) = HLi Sxi^^ix'^"^) (resp. 5a (X) = 
111=1 '5'a('=) (X^^^)), where S^^ik) (x^^^) (resp. S^^ik) (X^^^)) is the Schur polynomial (resp. 
Schur function) associated to A'-'^^ ^ k < r) with variables x^''^ (resp. X^'^^). Then 
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{5'a(x) I A G /l+^(m)} (resp. {S'a(X) | A G A^^}) gives a Z-basis of (resp. Z-basis 
ofS"). 

4.2. For an ^„ j,(^n,r(m))-Hiodule M, we define the cliaracter of M by 

chM = ^ dimM^ ■ x^" G Z[x], 

Ateyln,r(m) 

wliere a;^ = 111=1 (^i'^'')'^^ \'^^2^Y'^^ ' ■ ■ ■ (a^ml)'^^^. Then the character of the Weyl 
module W{X) for =5^„^r(^n,r(m)) has the following properties. 

Theorem 4.3. 

(i) For A G yl+^(m), we have 



where K^(k)^(k) is the Kostka number corresponding to partitions u^^^ and 

(ii) Put S'a(x) = chiy(A) for A G /l^^(m). T/ien, we have 

'S'a(x) = ^ /3a^S'^(x). 

(iii) {5'a(x) I A G /l+^(m)} g'zwes a Z-basis o/S^. 

Proof. Note Remark 1.6, we may assume that > n for any k = 1, ■ ■ ■ ,r by 
restricting the weights if necessary for a general case. 

Since there exists a bijection between a basis of Vr(A)^ and 7o(A, /i), (i) follows 
from (2.5.1). 

It is known that 



(4.3.1) 5a (x) = J2 dim{Wi\^^^)M---mWi\^''^))^ 

Ate/ln,r(m) 



x". 



Note that the /x-weight space of an ^„ ,,-module coincides with the //-weight space 
as the f/g(0)-module via the homomorphism $g : Ug{g) — )■ ^n,r- Thus, the decom- 
position (2.3.1) together with (4.3.1) implies (ii). 

(iii) follows from (ii) since the number /3x^ (A, /i G yl^^(m)) has the uni-triangular 
property by Lemma 2.6. □ 

4.4. For A G yl^^(m), let S'a(X) G be the image of S'a(x) in the inverse limit. We 
denote by A^^^. = IJn>o^nr r-partitions. Then, Theorem 4.3 (iii) implies 

that {S'a(X) I A G /l>or} gives a Z-basis of S. For a certain extreme r-partition A, 
S'a(X) coincides with the Schur function as follows. 
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Proposition 4.5. For X = {X^^\ ■ ■ ■ , A*^^-*) G A^^^, if A^'^ = unless I = t for some 
t, we have 

5a (X) = 5aw(xW UX(*+^) U ■ ■ ■ UX(")), 

where ^^wl^^*^ U - ■ - UXW) e Z[XW U ■ ■ ■ UXW]®^^*"^-^^*''') is the Schur function 
corresponding to the partition \^*\ 

Proof. Assume that A*^'-* = unless / = t, then we see that the variable X^-'^ {i > 1, 
1 < / < t — 1) does not appear in S\{X.) since A > yU if dim H^(A)^ 7^ 0. Note that we 
can regard Z[X(*) U ■ ■ ■ U as a subring of H = (g)^^^, Z[X('=)]®(^'") 

in the natural way. By Theorem 4.3 (ii) with (3.7.2), we have 

E nLR|;„„„,)s,(x) 

A(^p--OA(o)e0(A,Aj)fc=l 



(*2) f^eA+r \^ = * 



a'*) 



En EL<s,„«v.(-'f''') 

(*2) k=t \ (*3) ' ' 



= ^Jj5^W/^(t) (X^'^)) (because of [Mac, Ch. 1. (5.3)]) 

(*2) k=t ^''^ 

= 5aw(xWux(*+i) U-'-UX'-''^) (because of [Mac, Ch. 1. (5.11)]), 
where the summations (*l)-(*3) run the following sets respectively: 
(*1) : {AW = Aj;.) D ■ ■ ■ D Ag D Ajl. = I |ASA(1i)I = l/^^'^l for = t, . . . ,r}. 



2) :{A('^ = AS:5D---DAgDA«,^=0}, 

3) : {yu^^^ : partition}. 



(In the above equations, note that LR [^j = unless |A|^^|)| = |A|^^_-,^^| + |/i'''^^|.) 

(fe-i> 

□ 



4.6. Thanks to the above lemma, the symmetric function S'a(X) seems a general- 
ization of the Schur function. 



On Weyl modules of cyclotomic g-Schur algebras 19 

For A, /i, z/ G ^>o,r-5 "we define the integer c^^^ G Z by 



Then we can compute the number c^^ as follows. 

Proposition 4.7. For XjfijUE ^>or; '"'^ /iflwe i/ie following. 

(i) c5[^ = unless \iy\ = \X\ + |yu|. 

(ii) Put = ('^ = I^^D- Then we have 



(iii) If C{^) = + '"'6 have 



r 



k=l 

(iv) // A'-'^ = and /i*^'^ = unless I = t for some t, we have 



LR^|i|^(t) if v'^^^ = unless I = t, 



'^'^ 1^0 otherwise. 
Proof, (i) is clear from the definitions. We prove (ii). By Theorem 4.3 (ii), we have 
(4.7.1) S^a(X)5^,(X) = ( J2 /3a5^«(X)) ( /3,,5,(X)) 

? V 



E J ( n LR^^^.V) ) 5.(x; 

^,r] \ T k=l 

E ^>^^^>^v ( E ( n LR^'v^) ) ( E /^-^'^(x; 



5)^ \ T fc = l 



E I P^PmP'ru TT LRf (fc)„(fc) I 5'j.(X) 

\£,,ri,T k=l 



This implies (ii). 
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By Lemma 2.6 and the fact that LR^I^j^ffc) = unless \v''^^\ = \^^^^ \ + |?7^''^|, the 
equations (4.7.1) imply that 

r r 

C(..)=C(a+m) C('^)^C(a+m) ^' ' 

r 

= E (nLRA('U))^^(x)+ E «aA(x) K,ez)- 

This implies (iii). 

Finally, we prove (iv). By Proposition 4.5, we have 

5a(X)5^(X) = U ■ • ■ U XM)5^(.)(XW u ■ ■ • u xW) 

= ^LR^(i)^(t) 5'(0^..._0^j,(t)_0^...^0)(X). 

i/(t) 

This implies (iv). □ 



4.8. We have some conjectures for the number c^^ as follows. 

Conjecture 1: For A,/i, G A^q, the number c'^^ is a non-negative integer. 
More strongly, we conjecture the following. 

Conjecture 2: c"^^ = Ul=i'^Kw ■ 

Note that LR^Itj^ffc) = if |z/('')| ^ \X^'''^\ + then Conjecture 2 is equivalent to 

^Xfi — unless C('^) = C('^ + A^) by Proposition 4.7 (iii). 

We remark that Conjecture 2 is true for \, fi E At.^ ^ such that A^'^ = and 
/i*^'^ = unless / = t for some t by Proposition 4.7 (iv). 



§ 5. Decomposition matrices of cyclotomic g-ScHUR algebras 

In this section, we consider the specialized cyclotomic g-Schur algebra F=Xi,r- 
over a field F with parameters q,Qi^ - ■ ■ ^Qr E F such that 7^ 0. Hence, we omit 
the subscript F for the objects over F. We also denote by t/g(g) = F ®_4 AUqio) 
simply. Through this section, we assume that > n for any = 1, ■ ■ ■ , r. 

5.1. For ^^ r-Hiodule M, we regard M as a f/g(g)-module through the homomor- 
phism $g. Then, by Lemma 2.2 (ii), we see that a simple f/g(g)-module appearing 
in the composition series of M is the form L{\^^^) Kl ■ ■ ■ Kl L{\^'^^) (A G yl+^(m)), 
where L{\^''^) is the simple t/q(0t^^)-module with highest weight A^^-*. 
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For a simple ^^^r-module L{X) (A G yl+^(m)), let 

a:,^ = [L(A):L(/.«)K---KL(/.W)]f;,(g) 

be the multiplicity of L{n^^^) Kl ■ ■ ■ Kl (/i G yl^^(m)) in the composition series 

of L{X) as f/g(0)-modules through $g. Then we have the following lemma. 

Lemma 5.2. 

(i) For A G A+^{m), xaa = 1- 

(ii) For A, /i G /l^_,,(m), z/xa^ 7^ 0, we have A > /i. 

(iii) For A,/i G yl^^(m), if \ ^ jj, and ^(A) = C(/^)j 'W^e ^^''^e Xa^ = 0. 

Proof. By the definition of Weyl modules (see 1.7), we have W{X) = ■ vx, and 
L(A) is the unique simple top W{\)/ radiy(A) of W{\). Thus, by investigating the 
weights in L{X), we have (i) and (ii). 

We prove (iii). We denote by Ua the image of vx under the natural surjection 
W{X) L(A). Then, we have L(A) = ■ vx- One sees that 

M(A)= L(A), 

C(A)^C(m) 

is a [/g(0)-submodule of L{X) since ({fi ± «(i,fc)) = C{fi) for any {i,k) G r'g(m). It 
is clear that M(A) is also an ^^^.-submodule of L{\), and L(A)/M(A) = ■ 
{vx + M(A)). For -F(ii,fci)-^fe,fe2) " " --^(i^fc;) G ^n^r^ if ij = rrik^ for some j, one sees 
that F(^i-^^kj^y ■ ■ F(^i^^ki) - Vx G M(A). This implies that L(A)/M(A) is generated by 
Vx + m(\) as a ?7g(0)-module, namely we have L(A)/M(A) = [/^(g) ■ (iJa + M{\)). 
Hence, we have the surjective homomorphism of f/g(g)-modules ip : L(A)/M(A) — ?■ 
L(AW) L(AW) such that tJa + M(A) ^ f A(i) Kl ■ ■ ■ Kl f A(r), where f A(fe) is a 

highest weight vector of L{\^''^) with the highest weight A'-'^''. We claim that is an 
isomorphism. If ip is not an isomorphism, there exists an element x G L{X)^ such 
that A 7^ /i G A^,^,(m), ^(/x) = ^(A) and e(i,fc) ■ x G M(A) for any {i,k) G r'g(m), 
namely x + M(A) G L(A)/M(A) is a highest weight vector of highest weight /i as 
a f/g(g)-module. On the other hand, we have E(^rnk,k) ■ x = for /c = 1, ■ ■ ■ , r — 1 
since C(/^ + ^{mfc.fc)) >- C(/^) = C('^)- Thus, we have that -E(j,fe) ■ x G M(A) for 
any [i, k) G /^'(m). This implies that J^n,r ■ x is a proper ^„ ,.-submodule of L{X) 
which contradict to the irreducibility of L{X) as an ^„^r-iiiodule. Hence, ip is an 
isomorphism. Then, the isomorphism L(A)/M(A) = L(A^^-') M - ■ ■ ML{X^^^) together 
with the definition of M(A) implies (iii). □ 

5.3. For an algebra A, let ^-mod be the category of finitely generated ^-modules, 
and ii'o(-4.-mod) be the Grothendieck group of ^-mod. For M G A -mod, we denote 
by [M] the image of M in i^'o(.A-mod). 

5.4. For A,/i G yl^^(m), let dx^ = [^^(A) : L(/i)],3^^^ be the multiplicity of L{fi) in 
the composition series of W{X) as =5^„,r-niodules, and dxfj, = [W{X^^^)^- ■ ■^W{X^''^) : 
L(/i(i)) M ■■■M L(/iW)]c7^(g) be the multiplicity of L(/i(i)) L{iJ,^'''>) in the 
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composition series of W^(A^^^) Kl ■ ■ ■ Kl W{X^'"'^) as f/g(g)-modules. Put 

Then the decomposition matrix D of S^n,r is factorized as follows. 
Theorem 5.5. We have that B-D = D-X. 
Proof. By the definitions, for A G A^j.{m.), we have 

[w{x)]= 

AtG/l^,r(m) 



in /Co(t/g(0) -mod). On the other hand, by taking a suitable modular system for 
J>^n,r, we have 



E ( E Px,d,^)[L{iy^'^)^---^L{u'^'-^)] 



i'G/l„,r(m) /.tG/lJ,r{m) 

in KQ{Uq{Q) -mod) . By comparing the coefficients of [L(i^'^^^) Kl ■ ■ ■ Kl we 
obtain the claim of the theorem. □ 



As a corollary of Theorem 5.5, we have the product formula for decomposition 
numbers of S^n,r which has already obtained by [Saw] in another method. 

Corollary 5.6. For A,/i G yl^^(m) such that C(A) = C{fi), we have 

r 

dxf_i = dxf_i = Y\_dxw^(k), 

k=l 

where dx(k)^(k) = [W{\^''^) : L{fi^''^)] is the decomposition number of Uq{Qi 
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Proof. By Lemma 2.6 (ii), for X.jJi.y G /l+,.(m), if Px^dufj, ^ 0, then we have A > 
z/ > /i. Thus, if = CIa*); have 

C(a)=C(-')=C(m) 

where the last equation follows from Lemma 2.6 (i) and (iii). Similarly, by using 
Lemma 5.2, we see that J2^£A+ rim) ^>''^•^'^^J■ ~ '^V- Hence, Theorem 5.5 implies the 
claim of the corollary. □ 



Remark 5.7. In [SW], we also obtained the product formulas for decomposition 
numbers of S^n,r which are natural generalization of one in [Saw] as follows. Take 
P = ('^i! ■ ■ ■ ) ''^s) ^ ^>o such that ri + ■ ■ ■ +rg = r as in 3.4. Then, for A, /i G A^j.{m) 
such that C^{X) = C^{fi), we have 



(5.7.1) dx^ = l[d 



k=l 



by [SW, Theorem 4.17], where d^mp^mp is the decomposition number of ^n^.r^. 
(rifc = |A[^1|) with parameters g, Qp^+i,-- - ,Qp^^rk- However, the formula (5.7.1) 
for general p (7^ (1, ■ ■ ■ , 1)) is not obtained in a similar way as in Corollary 5.6 
since does not realize as a subalgebra of ^n,r in a similar way as in Lemma 

2.2, where is a subquotient algebra of defined in [SW, 2.12]. (Note 

that y"^^^^. = X^a.ri ® ■■■ ® ^„„r, by [SW, Theorem 4.15]. Thus, if 

' ni-\ yng—n 

p = (I,-- - ,1), S^"^ J. coincides with the right-hand side of the isomorphism in Lemma 
2.2.) Hence, in order to obtain the formula (5.7.1) for general p, it is essential to 
take the subquotient algebra ^„ ^ as in [SW] . 

For special parameters, we see that the matrix X becomes the identity matrix 
as the following corollary. 

Corollary 5.8. 

{i) If Qi = Q2 = ■ ■ ■ = Qr = 0, the matrix X is the identity matrix. In 

particular, we have D = B ■ D . 
(ii) If q = 1, Qi = Q2 = ■ ■ ■ = Qr (not necessary to he Oj, the matrix X is the 
identity matrix. Moreover, we have D = B if ohai F = 0. 

Proof Assume that = Q2 = ■ ■ ■ = Qr = 0. We denote by eJ]^,) = 1 (g) E^.^^^/[c]\ 

(resp. F^^,^^ = 1 ® F^.^f^^/[c]\) G F 0^ A-^n^r = F^n,r- By the triangular decompo- 
sition of ^n,r, we have 

_Sr^ {i[,k[,c[),---,{i[,kl,c[) {c[) {c[) (ci) p(cO . 

^{i,k) - 2^\hM,c^),- ,{ii,ki,ciV {i'^,k[) ■ " ^{i[,k[)^{hM) ' "^{ilM)^^' 
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(i' k' c' ) ■■■ (i' k' c') 

for some f(^il'iJ^'cl)...\iik\'c'i) ^ ^- Fi^st, we prove the foUowing claim. 

Claim A: U r^^^^^^f;^;^ ^ and F^^^^ ■ ■ ■ F^,^E^,^ ■ ■ ■ E^,^, ^ 0, 
then we have C(A + cia(i,,fc,) H h Q«(i,,A.-o) >~ C(A)- 

Note that Qi = (^2 = ■ ■ ■ = Qr = 0, we see easily that J'^ri,r is a Z/rZ-graded 
algebra with deg(To) = 1 and deg(Tj) = 0, where we put k = k + & 'L/r'L for 
/c G Z. We can also check that m\ (A G /lri,r(m)) is a homogeneous element of ^n,r- 
Since cr^i,fc)(mA) = mA ■ {Ln+i + ■■■ + L^^^^k)) {N = ^fj/ + Ej=\/^r), we 
have deg(cr^'^j ^j(mA)) = deg(mA) + 1. On the other hand, by [W, Lemma 6.10], we 

see that -^(^/'i/) ■ ■ ■ ■ ■ ■ -E(^'|'j^^)lA(mA) is a homogeneous element of Jifn,r 

with degree deg(mA) if ij 7^ rrik. and z^- 7^ mfc' for any j = 1, ■ ■ ■ , /. Thus, if 

^ O i^i,) ■ ■ ■ i^ii^^^i,) ■ ■ ■ i^gi^U O, then there exists 
j such that ij = rrikj, and this implies that C(A + cia(j^^fc^) + ■ ■ ■ + Qa(j,^fc;)) :^ C(A)- 
Now, we proved Claim A. 

We have already shown that xaa = 1, and xxfj, = for A 7^ /i such that C(A) = 
in Lemma 5.2. Thus, it is enough to show that x\fj_ = for A, /i G /l^j,(m) such 

thatC(A)^C(/i). 

Suppose that xx^ 7^ for some A,yU G /l^^(m) such that C(A) 7^ C(/^)- AVe recall 
that L(A) = ■ I;a, where vx = t;A + radiy(A) G iy(A)/radVr(A) ^ L(A). Then, 
it is clear that L{X)^ 7^ 0. This implies the existence of a non-zero element 

= ^(n.fci),- ,(v,fcc)-^(mfc,,fcO-F(n,fci) ■ ■ -^A e L(A) (r(ii,fci),...,(i,,fcc) ^ 

such that -E(i,A:) ■ "y' = for any {i,k) G r'g(m), where the summation runs 

{((^1, ^1), ■ ■ ■ , {ic, kc)) G {r'^{m)y I + ■ ■ ■ + a(i,,fc,) = a] 

for some a G 0(i A;)er^(m) ^'^(i.fc)- Namely is a ?7g(0)-highest weight vector of 
highest weight /i' = A — a — a;(m^,^fc')- It is clear that C(A) = C(A — a). Since E(^rnk,k) 
{k 7^ /c') commute with F(rny,k') and F(j ;) ((j, /) G r'g(m)), we have that E^rnk,k) -v' = 
for any k E {I, ■ ■ ■ ,r — 1} \ {k'}. On the other hand, for ((zi, ki), - ■ ■ , (v, kc)) G 
(rg(m))'' such that a(ji,fci) H h a(i„fc,) = a, we have 

(5.8.1) 

= {F^m„k')E^m,,k') + - qa^,:,%,^)lx-:)}- 

lA-a-^(n,fci) ■ ■ ■ F{ic,kc) ■ Vx- 

Note that C(A — a) = C(A), (5.8.1) together with Claim A implies that 

E{my ,k')F{my ,k')F{iiM) ' ' ' F{i^,kc) • = 0. 
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Thus, we have 

E{my,k') ■ v' = y^J(i^M),- ,{ic,kc)E{my ,k')F(^r,iy ,k')F{i^M) ' ' ' F{i,,kc) -^A = 0. 

As a consequence, we have that -t/ = for any (z, k) G /^'(m), and this imphes 
that S^n,r ■ f ' is a proper ^„^r-submodule of L{\). However, this contradicts to the 
irreducibihty of L{X) as c5^„^r-module. Thus, we have that xx^ = for A, /i G A^^ijoa) 
such that 7^ C(/^)- Now we proved (i). 

Next we prove (ii). Let ^n,r (resp. ■^nr) Ariki-Koike algebra over F 

with parameters g = 1, Qi = ■ ■ ■ = = (resp. q = 1, Q'^ = ■ ■ ■ = Q'^ = Q' ^ , 
and yn,r (resp. y^r) ^"6 the cyclotomic g-Schur algebra associated to M'n,r (resp. 
J^ni)- We denote by To,Ti,--- ,T„_i (resp. Tq,T(,--- ,T^_i) the generators of 
(resp. 'l^nr) ^ l-^- Then we can check that there exists an isomorphism 
(j) : 'j^ri,r such that </)(To) =T'q-Q' and 0(Ti) = T[ {\ <i <n-\). We can 

also check that = M'^ for /i G (m) under the isomorphism 0, where Af^ 
(resp. M'^) is the right JCr-module (resp. J^' ^-module) defined in 1.3. Thus, we 
have yn,r — "^'n r algcbras. Then (i) implies (ii) since D is the identity matrix 
when g = 1 if char F = 0. □ 

Remarks 5.9. 

(i) In Theorem 5.5, the matrix B-D does not depend on the choice of parameters 

Qli ' ' ' 1 Qr- 

(ii) If ^„,r is semi-simple, both of D and D are identity matrices. Thus, we have 
B = X. 

(iii) By Theorem 5.5, for X, fj, E A^^^, we have 

dx^ ~\~ Xxfi — ^ ^ Pxudy^ ^ ^ dxyXyfj^. 

Thus, we see that the matrix B ■ D gives an upper bound of both dx^ and xxfi- 

§ 6. The Ariki-Koike algebra as a subalgebra of yri,r 

In this section, we consider the algebras over an commutative ring R with pa- 
rameters q,Qi, ■ ■ ■ ,Qr G R such that q is invertible in R. Hence, we omit the 
subscript R for the objects over R. 

6.1. For fi G /l„^,.(m), put 

"^A'+a{i,fe) ^1-'-' (sat+I, S7V+2), ■ ■ ■ , {sn+iSn+2 " " ' S , 

= {1, SAr.!, (sAr_i, ■SAr-2), ■ ■ ■ i {sN-1SN-2 ' ' ' S j^_^{k) ^^)] , 

^fc-l 



where Sj = + 1) G ©„ is the adjacent transposition, and = Yl,i=i 1/^ I + 

i (. 
i=i 



Yl]=if^f^- Then, by [W, Lemma 6.10, Proposition 7.7 and Theorem 7.16 (i)], we 
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have 

(6.1.1) luirrif,) = 5^,^um^, 

(6.1.2) e(,,)(m^) = g-'''+i+im^+,^^,,( g^(^)T,), 

(6.1.3) /(..)(m,) = g"'^''^+^m,_„^,,,,/.':(,_,)( ^'^^^^^)^ 



where /i^,. 



(^ 7^ "^fc), 

>iv - (^ = mfc) {N := + ■ ■ ■ + |/i«|). 



6.2. Put w = (0, ■ ■ ■ , 0, (1")) e A+^{m). Then, it is well known that ^ as 
right ,^^r-inodules, and that la;^n,rlw = End^„^(M'^, Af^) = .^^^ as -R-algebras. 

Put Co = lw/(m^_i,r--l)e(m^_i,r-l)lw, Q = lw/(j,r) e(i,r) loj G ^n,r- for Z = 1 , ■ ■ ■ , 72 — 1 . 

Then, we can realize Jifn,r as a subalgebra of S^n,r as the following proposition. 
Proposition 6.3. 

(i) The subalgebra of S^n,r generated by Co,Ci,--- ,C„_i is isomorphic to the 
Ariki-Koike algebra J^n,r- Moreover, the subalgebra of S^n,r generated by 
Ci, ■ ■ ■ , C„_i is isomorphic to the Iwahori-Hecke algebra J^n of symmetric 
group @n- 

(ii) Under the isomorphism lui^nAu — '^nr, we have Tq = Co + Qr^i^, Ti = 

Proof. It is clear that Cq, Ci, ■ ■ ■ , C„_i are elements of loj^n.rlw We remark that 
the isomorphism Endj^^(M'^, M"^) = J^n,r is given by i— )■ ip{m^) (note that 
= 1). Moreover, by (6.1.1) - (6.1.3), we have 

Co{m^) = la;/(m^_i,r-l)e(m^_i,r-l)lw("^w) 

= m^(Li - Qr). 

Since m^^ = 1 and Li = Tq, we have Co{m^^) = Tq — Qr- Similarly, we have 
Ci{^ui) = Ti + for z = 1, ■ ■ ■ , — 1. Thus, Jifn,r is generated by Cq, Ci, ■ ■ ■ , C„_i 
under the isomorphism lw^n,r-lw — -^.r, and is generated by Ci, ■ ■ ■ ,C„_i. 
Now, (ii) is clear. □ 



6.4. Let J-" = B.omy'^^{^n,Au], —) '■ ^n,r -mod — J^n,r-'o^od be the Schur functor. 
It is well known that, for M G t5^„,^r-mod, J^{M) = l^^M under the isomorphism 
^iU'^n,Au] — '^n,r- It is also kuowu that {l^L(A) 7^ | A G yl^^(m)} gives a complete 
set of non-isomorphic simple .^-modules when is a field. 

Let e be the smallest positive integer such that 1 + (g^) + (5'^)^ + ■ ■ ■ [q'^Y'^ = 0. 
We say that a partition (not multi-partition) A = (Ai,A2,---) is e-restricted if 
K — K+i < e for any i > 1. 
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As a corollary of Corollary 5.8, we have the following classification of simple 
=^_r-niodules for special parameters. We remark that this classification has already 
proved by [AM, Theorem 1.6] and [Ml, Theorem 3.7] in other methods. 

Corollary 6.5. Assume that R is a field, and that either Qi = Q2 = ■ ■ ■ = Qr = 

or q = 1, Qi = Q2 = ■ ■ ■ = Qr- Then lujL{\) if and only if A^'') = ^ for k < r 
and A^^-* is an e-restricted partition. 

Proof. By Corollary 5.8, we have that l^L(A) 7^ only if ({fi) = ({X). In particular, 
we have that A^^-* = for any /c < r if l^^L^X) 7^ 0. On the other hand, L{\) = 
L(A(^))K- ■ ■KL(A('^)) as [/g(g)-modules by Corollary 5.8. In particular, when A^'^) = 
for any k < r, we have that L{X) = L{\^'^^) as t/g(0[^^)-modules. Moreover, it is 
well known that li^L{X^^^) 7^ if and only if A'-''^ is an e-restricted partition ([DJ, 
Theorem 6.3, 6.8]). These results imply the corollary. □ 
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